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$M$ $\mathcal{M}:=\{M\}$ . , $\mathcal{M}$ ,
\S 2.3 .
, $M\in \mathcal{M}$ $\Omega_{M}$ $\sigma$-field $F(\Omega_{M})$
. , $S:=\{p_{\theta}|\theta\in \mathrm{O}-\subset \mathrm{R}^{d}\}$
, $\theta$ .
, – ( $d$ ) . ,
$\mathcal{M}$’ $S$ $(\mathcal{M}, S)$ .
, $P_{\rho_{\theta}}^{M}$ $P_{\theta}^{M}$ . $\{P_{\theta}^{M}|\theta\in\}$ $\theta\in$
Fisher $J_{\theta}^{M}$ . . .
, $\mathcal{M}$ 1
. $’\supset r$ ,
– .
$M$ $\Omega$ $\mathrm{R}^{d}$
$\hat{\theta}$ $(M,\hat{\theta})$ . $\rho_{\theta}$
$P_{\theta}^{(M,\hat{\theta})}$ ,
$P_{\theta}^{(M,\hat{\theta})}(B)=P_{\theta}M(\hat{\theta}^{-1}(B))$
, $E_{\theta}^{i}(M,\hat{\theta}),$ $V_{\theta}(M,\hat{\theta})$ .
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2.2
. $\sigma^{2}\text{ }$ . $.\text{ }$ ,
$\theta=.(\theta^{1}, \theta^{2})$ ,
$S:=\{\rho_{\theta}|\theta\in \mathrm{R}^{2}\}$
. $x\in S^{1}$ ( $S^{2}$ 1 ) , $M_{x}$
, $M_{x}$ $x$ $V_{x}$ . $\mathrm{R}^{2}$ $V_{x}$ $V_{x}$
$\omega$ , $\rho_{\theta}.\cdot \text{ }.M_{x}$
$p_{\theta}^{M_{x}}(\omega)$ .
$p_{\theta}^{M_{x}2}( \omega)=\frac{1}{2\pi\sigma^{2}}\exp(2\sigma||\omega-P_{x}(\theta)||^{2})$ .
$k$ $l$ $m$ ,
$kl$ $\mathcal{A}_{l,m}^{k}$ .
2.3




. $A_{2,1}^{1}$ $\mathcal{M}$ , $\{M_{x}\}_{x\in}S1$
. ,
, .
. , $—$ $x_{1},$ $x_{2}$
, $V_{x}$ $\text{ },$ $V_{x}\cross\{x_{1}, x_{2}\}$ .
,
. , $.\lambda 4’$ $\mu$
$\Omega:=$ M\in 8’ $\Omega_{M}\text{ }$ .
$\cdot$
. . $\cdot$ .
$M_{1},$ $M_{2}$ $\lambda,$ $1-\lambda$ $M_{\lambda}$ , Fisher.





















Tr $GV$ . $G$ , . $x$
, $G$ $(1, 1)$ , $\mathrm{T}\mathrm{r}GV$
.
$G>0$ ( $d\cross d$ ) Cram\’er-Rao $C_{\theta}(G)$
:
$C_{\theta}(G):= \inf\{\mathrm{T}\mathrm{r}G(J_{\theta}^{M})^{-1}|M\in \mathrm{A}4\}$ . (2)
, Fisher .
$J_{\theta}:=\cap M\in\lambda 4$ { $J$ $|J_{\theta}^{M}\leq J$ }. (3)
.
.





$(\omega_{1}, \ldots, \omega_{k-1})$ $k$ $M_{k}(\omega_{1}, \ldots, \omega_{k-1})$
.
3 Cram e-Rao Bhattachryya , .
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. $\{M_{k}(\omega_{1}, \ldots, \omega k-1)\}kn=1$
$n$ $(\omega_{1}, \ldots, \omega_{n})$
$\hat{\theta}_{n}$ \xi $:=(\{M_{n}\},\hat{\theta}_{n})$ . .
$n$ . – $M$ $n$ $M\cross n$
.
, $\{\mathcal{E}_{n}\}_{n=1}^{\infty}$ – . ,
$\rho_{\theta}$
:
$\{M_{n}\}$ $n$ $P_{\theta}^{\{\ovalbox{\tt\small REJECT}}$
.
1 $\{\mathcal{E}_{n}\}_{n=1}^{\infty}$ ,MSE .
$\lim_{narrow\infty}\int||\hat{\theta}_{n}-\theta||^{2}P_{\theta}^{\{M\}}n(d\hat{\theta}_{1}, \ldots, d\hat{\theta}_{n})=0$ , $\forall\theta\in$
$\rho_{\theta}$ \xi $=(\{M_{n}\},\hat{\theta}_{n})$ $V_{\theta}(\mathcal{E}_{n})$
.
2 $\{\mathcal{E}_{n}\}_{n=1}^{\infty}$ MSE , $\lim_{narrow\infty^{nV}\theta}(\mathcal{E}n)$ ,
:
$\varliminf n$ Tr $GV_{\theta}(\mathcal{E}_{n})\geq C_{\theta}(G)$ , (5)
$narrow\infty$
$\lim_{narrow\infty}nV_{\theta}(\mathcal{E}_{n})\geq J^{-1}$ , $\forall J\in J_{\theta}$ . (6)
(6) , . (5) 3
.
, 2 .





$\{P_{\theta}^{\{M_{n}\}}\}$ Fisher $J_{\theta}^{\{M_{n}\}}$ ,
$J_{\theta}^{\{M_{n}\}}= \sum_{=k1}^{n}\int_{\Omega^{k-1}}J_{\theta}Mk(\omega_{1},\ldots,\omega k-1)P_{\theta}^{\{M_{k-1}}(\}\omega_{1}d, \ldots , d\omega_{k-1})$
$k\leq n$ $k$ , $M_{k}(\omega_{1}, \ldots, \omega_{k-1})$ $\frac{1}{n}P_{\theta}^{\{M}k-1$ } $(d\omega_{1}, \ldots, d\omega_{k-1})$
M\theta n\in \Lambda { , (1) :
$J_{\theta}^{M_{\theta}^{n}}= \frac{1}{n}J_{\theta}^{\{M\}}n$ . (7)
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Jensen MSE :
$(A_{n})_{j}^{i}:= \frac{\partial}{\partial\theta^{j}}E_{\theta}i(\mathcal{E}_{n})arrow\delta_{j}^{i}$ as $narrow\infty$ . $-(8)$
(3) (7) ,
$nV_{\theta}(\mathcal{E}_{n})\geq nA_{n}(J_{\theta}^{\{M_{n}\}})-1{}^{t}A_{n}=A_{n}(J_{\theta)^{-1}}^{M_{\theta}^{n}}{}^{t}A_{n}\geq A_{n}(J)^{-1}{}^{t}A_{n},$ $\forall J\in J_{\theta}$ (9)
, (8) (6) . , (2) (9)
Tr $GnV_{\theta}(\mathcal{E}_{n})\geq \mathrm{T}\mathrm{r}$ $GA_{n}(J_{\theta}^{M_{\theta}^{n}})^{-1}{}^{t}A_{n}\geq C_{\theta}({}^{t}A_{n}GA_{n})$ (10)
(8) (10) (5) .
3.2






. $G$ $\mathrm{R}^{k}\otimes \mathrm{R}^{l}$ $\mathrm{R}^{l}$ partial trace
$G”$ , $\mathrm{R}^{k}$ $G’$ $G’:=\sqrt{J_{\theta}}^{-1}G’/\sqrt{J_{\theta}}^{-1}$ . , $O$ $OG^{\prime t}O$
. $C_{\theta}(G)$
:




3 $(\mathrm{B}.1)\sim(\mathrm{B}.5)$ . , $b_{n}$ $\lim_{narrow\infty}.b_{n}/n=0$
, $\theta\in$ $\mathcal{E}(b_{n})$ :
$\lim_{narrow\infty}n$ Tr $GV_{\theta}(\mathcal{E}(b_{n}))=C_{\theta}(G)$ . (11)
$b_{n}$ $\mathcal{E}(b_{n})$ .
$\rho_{\theta}$ $n$ $b_{n}$ -
. . , – $M_{0}$ , $\{P_{\theta}^{M_{0}\cross n}|\theta\in\}$
$\check{\theta}_{n}$ . ,
Tr $G(J_{\check{\theta}_{n}}^{M\text{\‘{e}}}n)^{-}1=c_{\check{\theta}n}(G)$
$\text{ }M_{\check{\theta}_{\text{ }} _{ } _{ } }$ , $\{P_{\theta}^{M_{\overline{\theta}_{n}}}\cdot n)|\theta\cross(n-b\in$
$\}$ $\hat{\theta}_{\overline{\theta}_{n}}$ .
3.3.1
(B. $1$ ) $\sim(\mathrm{B}.5)$ .
(B.1) $\{P_{\theta}^{M\cross b}\mathrm{o}n|\theta\in\}$ $\check{\theta}_{n}$ , $M_{0}\in \mathcal{M}$
:
$\lim_{narrow\infty}nP_{\theta}M0\cross b_{n}\{d(\theta,\check{\theta}_{n})>\delta\}=0$ , $\forall\delta>0$ .
(B.2) $$ .
(B.3) $\theta\in$ $M_{\theta}$ :
$\mathrm{T}\mathrm{r}G(\sqrt{}^{M_{\theta}})^{-}\theta\theta 1=c(G)$ .
(B.4) $\epsilon>0,$ $\theta\in$ $\delta_{1}>0$ $N$
:





(B.5) $\epsilon>0,$ $\theta\in$ $\delta_{2}>0$ , :
$|\mathrm{T}\mathrm{r}$ $G(J_{\theta}^{M_{\check{\theta})}}-1-^{c_{\theta}()1}G<\epsilon,$ $\forall\theta,$ $\forall\check{\theta}s.t$ . $d(\theta,\check{\theta})<\delta_{2}$ .
. .
4(B.3) $(\mathrm{B}.5.1)(\mathrm{B}.5.2)$ (B.5) .
(B.5.1) $\thetaarrow C_{\theta}(G)$ .
(B.5.2) $\epsilon>0,$ $\theta\in$ $\delta>0$ , :
$|P_{\theta}^{M_{\beta}}(B)-P(\overline{\theta}M_{\dot{\theta}}B)|<\epsilon$ , $.| \frac{\partial}{\partial\theta^{i}}P_{\theta}^{M_{\overline{\theta}}}(B)-\frac{\partial}{\partial\theta^{i}}P^{M_{\overline{\mathit{9}}}}(\check{\theta}B)|<\epsilon$,
$1\leq\forall i\leq d,$ $\forall B\in,$ $\mathcal{F}(\Omega_{M})\check{\theta},$
$\forall\check{\theta}s.t$ . $d(\theta,\check{\theta})<\delta$ .
33.2 (11)
$\epsilon>0,$ $\theta\in$ , $(\mathrm{B}.4)(\mathrm{B}.5)$ $\delta_{1},$ $\delta_{2}$ $N$
. $\delta:=\min(\delta_{1}, \delta_{2})$ . , $n-b_{n}\geq N$ ,
$n$ Tr $GV_{\theta}(\mathcal{E}_{n})$
$=n \int_{\Omega^{b_{n}}}$ Tr $GV_{\theta}(M_{\check{\theta}n}\cross(n-b_{n}),\hat{\theta}_{\check{\theta}n})P_{\theta}M0\cross bn(d\omega)$
$\leq n\int_{d(\theta,\check{\theta}_{n}})\leq\delta$ Tr $GV_{\theta}(M_{\overline{\theta}_{n}}\cross(n-b_{n}),\hat{\theta})\check{\theta}_{\text{ }}\theta(nPM0\mathrm{x}b_{n}d\omega)+K^{2}$ Tr $G \int_{d(\theta,\check{\theta}_{n}}$
)
$>\delta PM\mathrm{o}\cross b_{n}(\theta\omega d)$
$\leq\frac{n}{n-b_{n}}\int_{d(\theta,\check{\theta}_{n}})\leq\delta(\mathrm{T}\mathrm{r}G(J_{\theta}^{M_{\dot{\theta}_{n}}})^{-1}+\epsilon)P_{\theta}^{M_{0}\cross b_{n}}(d\omega)+nK^{2}\mathrm{T}\mathrm{r}GP_{\theta}^{M}\mathrm{o}\cross bn\{d(\theta,\check{\theta}_{n})>\delta\}$
$\leq\frac{n}{n-b_{n}}\int_{d(\theta,\check{\theta}_{n})\leq\delta}(C\theta(G)+2\epsilon)P^{Mb}0\cross n(\theta)d\omega+nK^{2}$ Tr $GP_{\theta}^{M_{0}\mathrm{x}b_{n}}\{d(\theta,\check{\theta}_{n})>\delta\}$
$\leq\frac{n}{n-b_{n}}(C_{\theta}(G)+2\epsilon)+nK^{2}$ Tr $GP_{\theta}^{M_{0\cross}b_{n}}\{d(\theta,\check{\theta}_{n})>\delta\}$ ,
. , (B.2) $\sup_{\theta\in\ominus}||\theta||=K$ . , (B.1)
3 $narrow 0$ $0$ ,
$\lim_{narrow\infty}n$ Tr $GV_{\theta}(\mathcal{E}_{n})\leq C_{\theta}(G)+2\epsilon$





1 . $\mathcal{H}$ ,
. $\mathcal{H}$ $S(\mathcal{H})$ .
, $\Omega_{0}$ $\mathcal{F}(\Omega_{0})$ ( $\Omega_{0}$ $\sigma$-field)
$B$ $\mathcal{H}$ $M(B)$ $M$ : $B\mapsto M(B)$ . , $M$
:
$\mathrm{o}$ $\forall B\in F(\Omega_{0})$ $M(B)=M(B)^{*}\geq 0$ (Hermite $\text{ }$),
$0$ $M(\emptyset)=0,$ $M(\Omega_{0})=$ Id,
$\circ$ $B_{i}\cap B_{j}=\emptyset(i\neq j)$ $\{B_{j}\}\subset \mathcal{F}^{\cdot}(\Omega_{0})$ $\sum_{j}M(B_{j})=M(\bigcup_{j}B_{j})$
$M$ $\mathcal{H}$ $\Omega_{0}$ ,
$\mathcal{M}(\Omega_{0}, \mathcal{F}(\Omega_{0}),$ $\mathcal{H})$ . $P\in S(\mathcal{H})$ $M\in\Lambda l(\Omega_{0}, F(\Omega_{0}),$ $\mathcal{H})$








$\mathcal{M}(\mathrm{R}^{d}, g(\mathrm{R}^{d}),$ $\mathcal{H})$ . , $(M,\hat{\theta})$ ,
$\mathrm{R}^{d}$
$MM_{0}$ $\in \mathcal{M}(\mathrm{R}^{d}, B(\mathrm{R}d),$ $\mathcal{H})$
$M_{0}(B):=M(\hat{\theta}-1(B))$ , $\forall B\in B(\mathrm{R}^{d})$
,
$P_{\rho}^{M}(\hat{\theta}^{-1}(B))=P_{\rho}^{M0}(B)$ , $\forall B\in B(\mathrm{R}^{d})$ , $\forall\theta\in$ (12)
$\rho$ , $(M,\hat{\theta})$ $M_{0}\in \mathcal{M}(\mathrm{R}^{d}, B(\mathrm{R}^{d}),$ $\mathcal{H})$
. $\mathrm{R}^{d}$
$(\mathcal{M}(\mathrm{R}^{d}, B(\mathrm{R}d),$ $\mathcal{H}))$ .
4
$\mathcal{H}$ Tr $\mathrm{t}\mathrm{r}$ .
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, $J_{\theta}$ SLD Fisher ,




$\mathrm{S}\mathrm{L}\mathrm{D}L_{\theta,i}$ – . $\mathrm{S}\mathrm{L}\mathrm{D}$ Fisher
, (SLD)Fisher $J_{\theta,i,j}$ .
$J_{\theta,i,j}:= \frac{1}{2}\mathrm{t}\mathrm{r}(L\theta,ipL_{j},\theta+Lj,\theta\rho L\theta,i)$
$\rho_{\theta}$ SLD $L_{\theta}$ , –
. , , [8]..
.
\S 2.4 \S 3 $C_{\theta}$
, $J_{\theta}$ . , $C_{\theta}$
. 1 Yuen, Lax [2], Holevo [3]
. 2 , , [9], [10]
. 3 Spin 1/2 ( 2 ) [11],
$[12, 13]$ .
, \S 3 .
\S 3.3 (B.5.2) (B.5.3) .
(B.5.3) $\epsilon>0$ $\delta>0$ :







$\mathcal{H}^{(n)}$ , $\rho$ $n$
$\rho_{\theta}^{(n)}$ . $\mathcal{H}^{(n)}$ $\rho_{\theta}^{(n)}$
:
105
, $\rho_{\theta}$ $n$ , $\{\rho_{\theta}^{(n)}|\theta\in \mathrm{O}-\}$
. .
$\mathcal{H}^{(n)}$ $\mathrm{R}^{d}$ $\mathcal{M}(\mathrm{R}^{d}, B(\mathrm{R}d),$ $\mathcal{H}^{(n)})$
. $n$ $(\{M_{k}(\omega_{1}, \ldots, \omega_{k-1})\}_{k=1}n,\hat{\theta}_{n})$
$\lambda 4(\mathrm{R}d, e(\mathrm{R}d),$ $\mathcal{H}^{(n)})$ :
$M(B)= \int_{\theta_{n}(\omega_{1}},\ldots,\omega_{k}-1)\in B^{\otimes\omega_{1}}Mk=1nk(, \ldots, \omega_{k-1})(d\omega_{k})$ . (13)
. (13)




$\mathcal{M}(\mathrm{R}^{d}, B(\mathrm{R}d),$ $\mathcal{H}(n))$ . ,
$\mathrm{M}\mathrm{S}\mathrm{E}$ .





Cram\’er-Rao $C_{\theta}^{A}(G)$ . , $n$




. $C_{\theta}(G)\geq nC_{\theta}^{n}(G)$ :
$C_{\theta}(G)\geq c^{A}\theta(G)$ .
6 $MSE$ $\{M^{n}\}_{n=1}^{\infty}$ :







$n$ Tr $GV_{\theta}(M^{n})\geq n\mathrm{t}\mathrm{r}GA_{n}(J_{\theta}^{M^{n}})^{-1}{}^{t}A_{n}$
$\geq nC_{\theta}^{n}({}^{t}A_{n}GA_{n)}$ ,
, $\lim_{narrow\infty}$ (15) (14) . $\square$
$n$
$\{\rho_{\theta}^{(n)}|\theta\in \mathrm{O}-\}$ (B.1) $\sim(\mathrm{B}.5)$ , 3
.
7 $\epsilon>0$ $\mathrm{l}\mathrm{i}\mathrm{m}narrow\infty^{n}\mathrm{t}\mathrm{r}GV\theta(M^{n})\leq C_{\theta}^{A}(G)+\epsilon$ –
$\{M^{n}\}_{n=1}^{\infty}$ .
$n$ $n_{1}$ $n_{2}$ , $\{\rho_{\theta}^{(n_{1})}|\theta\in$
$\}$ $n_{2}$ . $n_{1}$ $n$ , $n_{2}$
3
$\lim_{narrow\infty}n\mathrm{t}\mathrm{r}GV\theta(M^{n})=\lim_{n_{2}arrow\infty}n_{1}n2\mathrm{t}\mathrm{r}GV\theta(M^{n})=n_{1}C_{\theta}n_{1}(G)$ (16)
– . $n_{1}$ , $\epsilon$
$n_{1}$ , $\lim_{narrow}\infty n\mathrm{t}\mathrm{r}GV_{\theta}(M^{n})\leq C_{\theta}^{A}(G)+\epsilon$ –
6 Spin 1/2
Spin 1/2 , ,
. Spin 1/2
, 2 $\mathrm{C}^{2}$ .
2 $\mathrm{C}^{2}$ 2 .
$S(\mathrm{C}^{2})$ 1 $2\cross 2$
$G$ $2\cross 2$ ,
$G=>0$
.
spin 1/2 $C_{\theta}(G)$ $C_{\theta}^{A}(G)$
[11, 12, 13], 2
. .
– $C_{\theta}(G)$ $C_{\theta}^{A}(G)$ – –





(17)$S_{1}:= \{\rho(\theta^{1},\theta^{2})=\frac{1}{2}|||\theta||^{2}=(\theta^{1})2+(\theta 2)^{2}\leq 1\}$ .
$||\theta||^{2}\leq 1$ $\rho(\theta)$ .
$C_{\theta}(G)$ $C_{\theta}^{A}(G)$ :
$C_{\theta}(G)=(2-||\theta||^{2})g1-||\theta||^{2}a(c, \theta)+\sqrt{(1-||\theta||^{2})(g^{2}1^{-}g_{2}-2g^{2}3)}$
$\geq(2-||\theta||^{2})g_{1}-||\theta||^{2}a(G, \theta)=cA(\theta c)=C_{\theta}^{S}(G)$. (18)
, $a(G, \theta):=|g_{2}\cos 2\phi+g_{3}\sin 2\phi|$ , $\phi:=\arctan\frac{\theta^{2}}{\theta^{1}}$ .
(18) $C_{\theta}^{A}(G)$ $C_{\theta}(G)$ ,
. , – rank $p=1$ (18)
.
6.2 . 82 $(r)$
$S_{2}$ :
$S_{2}(r):= \{p_{(\theta,\phi)}=\frac{1}{2}(r\mathrm{s}\mathrm{i}\mathrm{n}1+r\cos\theta\theta e^{-i\phi}$ $1-rr\sin\theta\cos e^{i\phi}\theta)|0\leq\theta\leq\pi,$ $0\leq\phi\leq 2\pi\}$ .












. , , Bahadur
5.
, Spin1/2 $C_{\theta}^{A}$




Spin 1/2 . ,
.
A : 4
, $(M,\hat{\theta})$ , $A_{\theta}(M,\hat{\theta}),$ $B_{\theta}(M,\hat{\theta})$ :
$(A_{\theta}(M, \hat{\theta}))^{i}j:=\frac{\partial}{\partial\theta^{j}}\int_{\Omega}\hat{\theta}^{i}(\omega)P_{\theta}^{M}(d\omega)$ ,






$\forall\check{\theta}s.t$ . $d(\theta,\check{\theta})<\delta$ .
$(M_{\check{\theta}},\hat{\theta}_{\check{\theta}})$ $\theta\in$ $(M_{\check{\theta}},\tilde{\theta}_{\theta})$ : $*$
$\tilde{\theta}_{\theta}(\omega):=f(A_{\theta}(M_{\check{\theta}},\hat{\theta}_{\check{\theta}),B_{\theta}}(M_{\check{\theta}},\hat{\theta}_{\overline{\theta}})$ ; $\hat{\theta}_{\check{\theta}}(\omega))$ .
$f(A, B;x)$ :




$\forall\check{\theta}s.t$ . $d(\theta,\check{\theta})<\delta$ . (20)
(20) , :
Tr $G(J_{\theta}^{M_{\check{\theta}}})-1\leq \mathrm{T}\mathrm{r}GV_{\theta}(M_{\overline{\theta}},\tilde{\theta}_{\theta})<\mathrm{T}\mathrm{r}GV_{\overline{\theta}}(M_{\check{\theta}},\hat{\theta}_{\check{\theta})}+\epsilon$ (21)
$=C_{\overline{\theta}}(G)+\epsilon<C_{\theta}(G)+2\epsilon$ , for $d(\forall\theta,\forall\check{\theta})<\delta$ . (22)
(B.5) .
5 , , .
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